We do a qualitative study on the mixed initial-boundary value problem in the elastodynamic theory of microstretch bodies. After we transform this problem in a temporally evolutionary equation on a Hilbert space, we will use some results from the theory of semigroups of linear operators in order to prove the continuous dependence of the solutions upon initial data and supply terms.
Introduction
There are many studies on generalized structures of continuum bodies. One of the pioneers of these theories was Eringen and among his many studies on these theories, we emphasize only the papers [5] and [6] . As it is known, in order to describe adequately the behaviour of materials such a liquid crystal, fluid suspensions, polycrystalline aggregates and granular media, it is necessary to introduce into the continuum theory some terms reflecting the microstructure of the materials. This microstructure includes intrinsic rotations and microstructural expansion and contractions. In the context of this theory, each material point has three deformable directors. We remember that a continuum body is a microstretch continuum if the directors are constrained to have only breathing-type microdeformations. All point of a microstretch continuum can stretch and contract independently of their translations and rotations. Already this theory has found applications in the treatment of composites materials reinforced with chopped fibers. Also, this theory is useful in the applications which deal with porous materials as geological materials, solid packed granular materials and many others. In the last decades have been published many papers which are concerned with this theory, of which we mention only some of the most recent. So, in [3] some of the basic results deduced by Eringen are used in order to investigate the isothermal bending of microstretch elastic plates. The paper [4] is a study of some basic properties of wave numbers of the longitudinal and transverse plane harmonic waves, in the context of thermoelasticity for materials with voids. Iesan and Pompei in [8] and Iesan and Nappa in [9] have approached some problems of microstretch elastic materials. In our studies [12] - [16] we tackle some questions with regards to the microstretch thermoelastic materials. Some results on vibrations can be found in [18] . Our present paper must be considered as a good tool for a better understanding of microstretch in the study of above enumerated materials.
Basic equations
In the following we will consider an anisotropic and homogeneous body which occupies, at time t = 0, a properly regular domain B of the threedimensional Euclidian space R 3 . The domain B is bounded by the piecewise smooth surface ∂B. If we denote byB the closure of B, then we havē B = B ∪ ∂B. As usual, we will report the motion of the body to a fix system of rectangular Cartesian axes Ox i , i = 1, 2, 3 and we will adopt the Cartesian tensor notation. The notations x j are for spatial coordinates of points in B and t∈[0, ∞) is temporal variable. Also, we will use the Einstein summation convention over repeated indices. is used. By convention, the subscript j after comma indicates partial differentiation with respect to the spatial argument x j and a superposed dot denotes the derivatives with respect to the t− time variable. All Greek indices have the range (1, 2) , while all Latin subscripts are understood to range over the integers (1, 2, 3) . The spatial argument and the time argument of a function will be omitted, when there is no likelihood of confusion.
The behavior of a microstretch body will be described by using the variables (u i , ϕ i , φ) where we denote by u i the components of the displacement vector, by ϕ i the components of the microrotation vector and denote by φ a scalar function that characterizes the microstretch.
As usual, we will denote the components of the stress by (t ij , m ij , λ i ), where t ij are the components of the stress tensor over B, m ij are the components of the couple stress tensor over B and λ i are the components of the microstress vector.
We will restrict our considerations to the case of an elastic microstretch body which is free of initial stress and couple stress and has zero intrinsic equilibrated body forces. In this case the internal energy density has the form
With the help of the internal energy density we can deduce the fundamental system of field equations of the mixed problem in the dynamic theory of Elasticity of microstretch bodies. This consists of -the equations of motion
-the balance of the equilibrated forces
The constitutive equations, specific for an anisotropic and homogeneous microstretch thermoelastic material, have the form
and k ij characterize the properties of materials and satisfy the following symmetry relations
In the above equations we have used the following notations: -F i the components of body force; -G i the components of body couple; -L the generalized external body load; -0 is the reference constant mass density; -J and I ij = I ji are the coefficients of microinertia; -κ the equilibrated inertia. In papers [5] and [6] can be found more detailed physical significances of the functions L, λ i and κ. To characterize the deformation we used notations (ε ij , µ ij , γ i ) where the strain tensors are defined by means of the following geometric equations
where ε ijk is the alternating symbol.
To characterize the surface traction at regular points of the surface ∂B, we will use the quantities (t i , m i , λ) where t i are the components of surface traction, m i are the components of surface couple and λ is the microsurface traction and are defined by
As usual, we denoted by n i the components of the outward unit normal of the surface ∂B.
We'll complete problem the mixed initial boundary value problem for elasticity of microstretch bodies by adding to the system of field equations (1)- (4) of the boundary conditions
and the initial conditions:
The significance of the given functions a i , b i , c i , d i , φ 0 and φ 1 is obvious. If we substitute the constitutive equations (4) and the geometric equations (6) into equations (2) and (3), we obtain in the following system of coupled equations:
By summarizing, a solution of the mixed initial boundary value problem in the theory of elasticity of microstretch bodies in the cylinder Ω 0 = B × [0, t 0 ] is an ordered array (u i , ϕ i , φ) which satisfies the system of equations (9) for all (x, t) ∈ Ω 0 , the initial conditions (8) and the boundary conditions (7).
Main results
In order to obtain the next results of this section, we need some assumptions imposed to quantities used in previous relations. These assumptions of positivity are in agreement with the usual restrictions imposed in the Mechanics of solids in order to obtain some basic results, such as the existence, the uniqueness or the continuous dependence of solution. So, for all arbitrary ξ ij , η ij , κ i we have
Due to the mathematical apparatus provided by the semigroups of linear operators, we will see that we can derive the above mentioned results without recourse to supplementary restrictions. Let us define the space X by:
. (10) Here we used the vectorial notations
and H 1 0 (B) and H 0 (B) are the familiar Sobolev spaces (see [1] ) and we have
By using an accessible procedure the space X can be equipped with a structure of Hilbert space. The mixed initial-boundary value problem, given by the equations (9), the initial conditions (8) and the boundary conditions (7) will be transformed into a temporally evolutionary equation in the Hilbert space X defined in (10) . To this aim we will need the operators
Now we build the matrix operator L by
where we used the vector notations
We consider the domain of the operator L as
We can see that the domain D(L) is not empty because it contains at least the space [C ∞ 0 (B)] 7 . Furthermore, the domain D(L) is a set dense in X because the closure of D(L) is the space X. After all these considerations, we transform the initial-boundary value problem consists of equations (9) and conditions (7) and (8) 
with the initial condition
where we used the notations
The inner product ω,ω * define by
can induce a norm such that we have new Hilbert space X * equipped with this norm. If we take into account the hypotheses i) and ii), the following inequality is obtained
Also, from (18) by using first Korn inequality (see [7] ), we deduce the inequality
and this inequality (20) with inequality (19) give
and this ensures the fact that the norm |.| * is equivalent to the original norm on the Hilbert space X. The result in next theorem is an important property of the operator L.
Theorem 1. The operator L is dissipative.
Proof. According to the definition of a dissipative operator, we have to prove the inequality
Based on definitions (11), we deduce
In this last relation we now use the Green-Gauss formula and the boundary condition (7), so that we obtain the desired result.
Another property of the operator L is given in the following theorem.
Theorem 2. The operator L satisfies the range condition, that is:
Proof. If we use the notationω = ũ,ṽ,φ,ψ,φ,α ∈ X, then the range condition means that we have to show that the equation
has at least a solution ω in D(L), for allω ∈ X. By direct calculations, we eliminate the functions v i , ψ i and α from (22) in order to obtain the following system of equations only in the variables u i , ϕ i and φ
By using the conveniently weighted [L 2 (B)] 7 inner product <, > we can built the bilinear form Q [w,w] by
In this relation we consider (23) and then we use the Green-Gauss formula and the boundary condition (7), so that we are lead to
. Taking into account the hypotheses i) and ii) and first Korn's inequality, we obtain 
With the same technique as in the proof of relation (19) , we deduce
With the help of relations (27) and (28) we deduce that the bilinear form Q [w, w] determines a norm equivalent to the original norm on the space Y , because we have
Relation (25) 
With the help of (25) we deduce
and then
We choosew = Tw, such that from (29), it follows that w ∈ Y is the unique solution of the equation
components of g being given in (24). Based on relations
. Now, we have that ω = (u, v, ϕ, ψ, φ, α) is in D(L) and the proof of Theorem 2 is complete. Now we formulate and prove the main result of our study, namely the continuous dependence of solution of our initial-boundary value problem upon the initial data and supply terms. To this aim, we denote by (u i , ϕ i , φ) the difference of two solutions of the problem defined by (9) , (7) and (8), corresponding to the difference of the initial data and the difference of body force, body couple and equilibrated extrinsic force,
Theorem 3. Assume that the elastic coefficients are continuously differentiable functions that satisfy the conditions i) and ii). Moreover, we assume that
Then the difference of two solutions of the problem (9), (7) and (8) (u, ϕ, φ) satisfies the inequality
where M is a positive constant.
Proof. The next identity is obtained based on equations (9), the boundary conditions (7) Finally, we use the Schwarz's inequality, the hypotheses i) and ii) and first Korn's inequality in the identity (34), such that a Gronwall inequality is obtained that proves the desired estimate (33).
Remark. If the boundary conditions (7) are replaced by other boundary conditions, we can prove that the above results are still valid, by using a similar procedure.
Conclusions
In this study we formulate the mixed initial-boundary value problem in the context of the elastodynamic theory of microstretch bodies which is transformed in an abstract temporally evolutionary equation in a Hilbert space, convenient chosen. This allows us to use some results from the theory of semigroups of linear operators to prove the continuous dependence of the solutions upon initial data and supply terms.
